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INTRODUCTION
The study of asymptotic growth in finitely generated associative algebras
is a classical field. Part of its success is related to the fact that it defines an
invariant of the considered algebra, i.e., is independent of the choice of the
generating set [1, 19, 28]. Defining finitely generated C*-algebras an
C*-algebras admitting finitely generated dense subalgebras, the study of
growth in C*-algebras, motivated by the results of Connes [9] on reduced
group C*-algebras of finitely generated groups, began in [17, 29]. In this
setting, a C*-algebra is said to have a given growth if it admits a finitely
generated dense subalgebra having this growth. The trouble then was that
different dense subalgebras in a C*-algebra may have completely different
growths. Depending on the choice of the generating set, the growth does
not define an invariant for C*-algebras. The aim of this work is to show
that there do exist a growth invariant attached to a finitely generated
C*-algebra.
Let A be a finitely generated C*-algebra. Define the set growths(A) to be
the set of asymptotic growth types associated to all finite topological
generating sets of A. We show that growths(A) is either completely polyno-
mial, completely exponential, or mixed. There are no C*-algebras having
totally intermediate growth sets. A C*-algebra is completely polynomial if
and only if it is subhomogeneous. The set of growths of a subhomogeneous
C*-algebra consists exclusively of integral degrees of polynomial growth
and of all integer degrees greater than its minimal degree of polynomial
growth but possibly a finite number of them provided it is infinite-dimen-
sional. Subhomogeneous C*-algebras with a presentation of zero polyno-
mial growth deficiency realizing their essential growth type admit all
integers greater than their minimal growth as degrees of polynomial
growth. Finitely presented monomial C*-algebras having polynomial
growth are subhomogeneous.
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In view of these results, one may ask if some growth condition may be
restrictive enough to force the subhomogeneity of a C*-algebra. The irra-
tional rotation C*-algebra A% has minimal quadratic growth but is not
subhomogeneous [26]. Furthermore, Bergman showed that there is a gap
between linear and quadratic growth of algebras [19, Theorem 2.5]. Hence
remains only linear growth as possible condition to ensure the sub-
homogeneity of a C*-algebra. Finitely generated C*-algebras having step-
one linear growth (i.e., admitting a spherical growth function bounded by
1) were proven to be subhomogeneous [17]. We obtain here a partial
answer indicating that not even the condition of having linear growth may
be sufficient to force subhomogeneity: there exist finitely generated non-
self-adjoint operator algebras having finite-step asymptotic linear growth
which are not subhomogeneous. Positive results are proved to hold for
some classes as previously mentioned. Open problems concerning growth
in finitely generated C*-algebras are listed in Section 1.7.
A second part deals with growth and amenability conditions for not
necessarily finitely generated C*-algebras seen as inductive limits of their
finitely generated subalgebras. In this setting, stable equivalence appears
naturally. We show that if A is a finitely generated C*-algebra and D is a
C*-algebra with zero minimal growth, then the C*-algebras A and AD
have the same minimal growth. In particular, it follows that stable equiv-
alent finitely generated C*-algebras have the same minimal growth. One
obtains a unified picture including all results on finitely generated
C*-algebras: Subexponential growth C*-algebras are nuclear. Non-
exponential-growth C*-algebras satisfy several amenability conditions. A
description of finite-step asymptotic linear growth C*-algebras is given.
Approximatively subhomogeneous C*-algebras have strong subexponential
growth. Non-approximatively-subhomogeneous C*-algebras admit presen-
tations of exponential growth.
The last part is devoted to uniform conditions on C*-algebras. A dense
subalgebra B in a C*-algebra A is said to have uniform polynomial growth
if there exists a sequence ( pk (n)=n:(k)) such that for each finite-dimen-
sional subspace E in B, one has dim span Enn:(dim E), n=1, 2, ... . A dense
subalgebra B in A is said to be uniformly exponentially bounded if for any
finite-dimensional subspace E in B and any b>1, there is some
n0=n0 (dim E) such that dim span E n<bn, whenever n>n0 . A dense sub-
algebra B in a unital C*-algebra A is uniformly amenable if for each =>0,
there exists a sequence (q= (n)) such that for each finite-dimensional linear
subspace E in B, with 1 # E, there exists a finite dimensional subspace K
in B with 1 # K and such that dim span EK  (1+=) } dim(K ) and
dim(K)q= (dim E). A unital C*-algebra A is called uniformly amenable if
it admits a uniformly amenable dense subalgebra. We show that Uniformly
exponentially bounded C*-algebras are uniformly amenable and nuclear.
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Subhomogeneous C*-algebras are strongly uniformly amenable. Uniformly
amenable C*-algebras have at least one tracial state.
1. GROWTH IN FINITELY GENERATED C*-ALGEBRAS
1.1. Finitely Generated C*-Algebras and Their Growth Degrees
A C*-algebra A is said to be finitely generated if it admits a finitely
generated dense subalgebra. We will suppose that the generating set
satisfies S*=S and 1 # S provided A is unital and where 1 denotes the
identity element. The function defined via fS(n)=dim span  in S
i is called
the growth function of A associated with S. The C*-algebra A is said to have
non-exponential growth with respect to S if lim infn   fS (n+1)fS (n)=1.
It has subexponential growth with respect to S if lim supn   ln fS (n)n=0
and it has polynomial growth with respect to S if GK dim(A, S)=lim supn  
ln fS (n)ln n is finite. This last quantity is called the GelfandKirillov dimen-
sion or degree of polynomial growth of A with respect to the generating
set S. The growth type of a given finitely generated dense subalgebra in
a C*-algebra is independent of the choice of the generating set [1, 19, 28].
On the other hand, different finitely generated dense subalgebras in a
C*-algebra may have different growth types, as observed in [17]. Depend-
ing on the choice of the generating set, the growth type does not define an
invariant for finitely generated C*-algebras. In the sequel, a C*-algebra is
said to have a given growth if it admits a finitely generated dense sub-
algebra having this growth.
1.2. Growth Sets in Finitely Generated C*-Algebras
Let A be a finitely generated C*-algebra. Define the set growths(A) to be
the set of asymptotic growth types of all growth functions associated to all
its finite topological generating sets. Two finitely generated C*-algebras A
and B are said to have the same growths if they have the same set of
growth types. We denote this by growths(A)=growths(B). For any finitely
generated C*-algebra A and any finite-dimensional C*-algebra D, one
has the equalities growths(A)=growths(AD) and growths(A)=
growths(AD). The set of growth types of a given finitely generated
C*-algebra A is called completely polynomial if A has polynomial growth
with respect to all its finite topological generating sets. Similarly, one
defines completely exponential and intermediate sets of growth types. If a set
of growths is of none of these types we call it mixed. The extrema of the
set of growth types of a finitely C*-algebra which we call the minimal and
maximal growth types define invariants of the considered C*-algebra. We
have the following Tits alternative:
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Theorem 1. The set of growth types of a finitely generated C*-algebra
is either completely polynomial, completely exponential or mixed. There are
no completely intermediate sets. Mixed sets of growth always include
exponential growth.
Proof. Immediate after the following assertions. A C*-algebra is n-sub-
homogeneous if its irreducible representations act on Hilbert spaces of
dimension at most n. The set of growths of a finitely generated sub-
homogeneous C*-algebra is completely polynomial. Indeed, a C*-algebra
is subhomogeneous if and only if it embeds in Mn (B)=Mn B for some
integer n and commutative C*-algebra B. Decomposing any generating set
S of A in Mn (B), one sees that the growth associated to S is at most poly-
nomial. On the other hand, non-subhomogeneous C*-algebras have a sub-
quotient isomorphic to k=1 Mk in which embeds the ring C[F2] of the
free non Abelian group on two generators, [8]. It follows that non-sub-
homogeneous finitely generated C*-algebras admit a generating system of
exponential growth. For example consider any finite generating set of A to
which one adds preimages of the generators of F2 . Finally, the existence of
a generating set of subexponential growth in a C*-algebra implies its
nuclearity [17, Corollary 2.2]. Hence, non-nuclear finitely generated
C*-algebras have completely exponential sets of growths. K
Each of these possibilities occurs. The set of growth types of an Abelian
finitely generated C*-algebra is completely polynomial. The set of growth
types of the reduced C*-algebra of a non-amenable group, such as the free
group F2 , is completely exponential. The set of growth types of the irra-
tional rotation C*-algebra A% is mixed, as for any non-subhomogeneous
finitely generated C*-algebra having minimal polynomial growth. We left
open the description of mixed sets of growths of finitely generated
C*-algebras. In particular we do not know if there exist mixed sets of
growth with minimal intermediate growth. Most results in [17] deal with
bounds on the extrema of the set of growths of a finitely generated
C*-algebra. For example, the study of growth conditions in C*-algebras
itself was motivated by a question of Voiculescu [30, Problem 5.9] con-
cerning C*-algebras whose minimal growth is subexponential. The minimal
subexponential growth of a C*-algebra has indeed strong consequences
and implies its nuclearity [17, Corollary 2.2], the Fo% lner condition [29],
the existence of traces, hypertraces ([29] and Section 2.2 below), and also
the existence of finitely summable unbounded Fredholm modules [9, 30].
1.3. Subhomogeneity and GelfandKirillov Dimension
Let A be a finitely generated C*-algebra with generating system S. Its
presentation is monomial if all its defining relations are of the form w=0,
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where w is a word in the elements of the generating set S. If a C*-algebra
is finite-dimensional then its set of growths is completely polynomial and
bounded above. Recall [19] that finitely generated associative algebras
may have any real number greater than 2 as degree of polynomial growth.
Theorem 2. The set of growths of a finitely generated C*-algebra is
completely polynomial if and only if it is subhomogeneous. The set of growths
of an infinite-dimensional subhomogeneous finitely generated C*-algebra
consists of an infinite sequence of integral degrees of polynomial growth.
Corollary 3. If a C*-algebra has a presentation of infinite Gelfand
Kirillov dimension, then it is not subhomogeneous and also it has a presenta-
tion of exponential growth.
Corollary 4. If a C*-algebra has a presentation of non-integer
GelfandKirillov dimension, then it is not subhomogeneous and it has a mixed
set of growths.
Lemma 5. For every positive integer m, there exists a generating system
X (m) of c0 such that GK dim(c0 , X (m))=m.
Proof. Let m be a positive integer. Since N&Nm=N_N_ } } } _N (m
times), c0 (Nm)&c0 , it suffices to find a point separating map . from Nm
into [0, 1]m"[0]RmCm such that (i) .(n1 , ..., nm) tends to zero if
min[n1 , ..., nm] tends to infinity and (ii) .(Nm) is separating for the real
polynomials on [0, 1]m"[0]. The map .(n1 , ..., nm)=(1n1 , ..., 1nm) has
the desired properties. The polynomials Pk of k th degree with Pk (0)=0
give such a generating set of polynomial growth [nm]. K
Proof of the Theorem. First note that a C*-algebra is subhomogeneous
if and only if it is representable in the sense that it is embeddable in Mn (B)
for some integer n and commutative C*-algebra B. Now being an
asymptotic invariant of algebras, the growth does not see finite-dimen-
sional algebras [19, Lemma 3.10]. It follows that the growth type of A
with respect to any given generating set is polynomial and is the one of a
subalgebra in B. But commutative algebras are known to have integer
GelfandKirillov dimension; see [19, Theorem 4.5] or [28, Theorem 4,
p. 124], which quotes [23]. Second, any infinite-dimensional C*-algebra A
admits c0 as a subquotient and for every positive integer m, there exists a
generating system X (m) of c0 such that GK dim(c0 , X (m))=m. Hence one
may add preimages of X (m) in A to any generating set for A and get growth
faster than any polynomial growth degree as soon as A is infinite-dimen-
sional with minimal polynomial growth. Finally, non-subhomogeneous
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finitely generated C*-algebras have a presentation of exponential growth as
shown in the proof of Theorem 1. K
Proposition 6. C*-algebras admitting a finite monomial presentation
with finite GelfandKirillov dimension are subhomogeneous and have com-
pletely polynomial sets of growths.
Proof. Follows from Borisenko [5], who proved that having polyno-
mial growth is equivalent, for finitely presented monomial algebras, to their
representability. See also [28, Theorem 4, p. 124, Theorem 1, p. 127]. K
1.4. Polynomial Growth Deficiency
Let A be a finitely generated C*-algebra with finite generating system S.
Suppose A has polynomial growth with respect to S. Define the polynomial





where GK dim(A, S) is the GelfandKirillov dimension of A with respect to S.
The polynomial growth deficiency of a C*-algebra A with respect to
generating set S depends not only on the dense subalgebra generated by S
but also on the choice of S. Finite-dimensional C*-algebras have polyno-
mial growth deficiency equal to one. Finitely generated commutative
C*-algebras have polynomial growth deficiency between zero and one.
Free commutative finitely generated C*-algebras realize the minimum
deficiency among commutative C*-algebras. In general, the polynomial
growth deficiency of a finitely generated C*-algebra is not bounded below.
A C*-algebra which can be written as the direct sum of a commutative and
a finite-dimensional one is necessarily deficient.
Proposition 7. Let A be a finitely generated C*-algebra. A has only
polynomial growth deficiencies between zero and one if and only if it is sub-
homogeneous.
Proof. As previously mentioned, a C*-algebra is subhomogeneous if
and only it is embeddable in some Mn (B) with B commutative. It follows
that the growth types of A are those of some subalgebras in B. If A is not
subhomogeneous then it has also a presentation of exponential growth for
which it has polynomial growth deficiency equal to minus infinity. K
Proposition 8. Let A be a subhomogeneous finitely generated C*-algebra
with a presentation of zero polynomial growth deficiency realizing its minimal
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growth. Then the set of growths of A consists of all integers polynomial growth
degrees greater than its minimal growth.
Proof. As in the proof of Theorem 2, an infinite-dimensional
C*-algebra A admits c0 as a subquotient, which has a generating sequence
X (m) with GK dim(c0 , X (m))=m. Hence on may add preimages X (m) in A of
X (m) to any generating set for A. But consider a presentation S of zero
polynomial growth deficiency realizing its minimal growth GK dimmin (A)
=m0 . One produces then generating sets S m0+m=S _ X
(m) which have
maximal possible growth for all m. One may have to choose a subsequence
X (m)=[xi1 , ..., xim] of m X
(m). K
In general, the set growths(A) for a finitely generated subhomogeneous
C*-algebra A will consist of all integral degrees of polynomial growths
greater than its minimal growth with possibly a finite number of gaps.
Proposition 9. Let A be a finitely generated subhomogeneous
C*-algebra. Then the number of gaps in the set growths(A) is less than the
(non normalized ) minimal polynomial growth deficiency over all finite
generating sets realizing its minimal polynomial growth.
Proof. Follows basically from the bound on the degree of polynomial
growth for finitely generated commutative algebras. K
1.5. Linear Growth and Subhomogeneity
In view of the previous results and examples, one may ask if some
growth condition may be strong enough to force the subhomogeneity of a
finitely generated C*-algebra. The irrational rotation C*-algebra A% is the
universal C*-algebra generated by two unitaries u, v which satisfy the rela-
tion uv=e2i?%vu with % # R"Q. Hence A% has minimal GelfandKirillov
dimension 2, since the previous presentation has quadratic growth. On the
other hand, A% is not subhomogeneous [26]. Furthermore, Bergman
showed that there is a gap between linear and quadratic growth [19,
Theorem 2.5; 10; 18]. Hence only having minimal GelfandKirillov dimen-
sion one as possible growth condition remains to ensure subhomogeneity.
A finitely generated C*-algebra is said to have finite-step asymptotic
linear growth if it admits a generating set S whose associated spherical
growth function _S(n)= fS(n)& fS(n&1) is bounded by k for n greater
than some fixed N. This implies GK dim(A, S)=1. Finitely generated
C*-algebras having step-one linear growth are subhomogeneous, [17,
Theorem 4.4]. Let us give a partial answer showing that not even the con-
dition of having linear growth may be sufficient to force subhomogeneity.
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Proposition 10. There exist finitely generated non-self-adjoint operator
algebras having finite-step asymptotic linear growth which are not sub-
homogeneous.
Positive results hold for some special as shown in the previous subsec-
tion. Small and Al [27] proved that finitely generated algebras of linear
growth are PI.
Proof. Let A be the universal C*-algebra free product of the universal
C*-algebra generated by a normal contraction x subject to the relation
x2=0, that is, M2 (C0 ((0, 1])), and the universal C*-algebra generated by
a self-adjoint positive contraction y, that is C0 ((0, 1]), subject to the rela-
tion yxy=x. See [22, Chap. 3] for information on universal finitely
generated C*-algebras. The following monomials and chains form a basis
the subalgebra generated by x and y[ y1] _ [xy j] _ [ ykx] _ [xylx].
Hence the growth of the subalgebra generated by x and y is linear of finite-
step. On the other hand, A cannot be embedded in Mn (B) for any com-
mutative B and any integer n [15, Theorem 2].
Here is a simpler argument. Let A be any n-generated non-sub-
homogeneous C*-algebra. If A is n-generated, then, going to m_m-
matrices over A by standard tricks, one obtains a singly generated
C*-algebra for m big enough. See [32, Lemma 9; 33, Proof of Proposi-
tion 1.1]. The obtained singly generated C*-algebra, say by [x, x*], is also
non-subhomogeneous, but the algebra generated by [x] has linear
growth. K
1.6. Approximation and Non-subhomogeneity
Let X and Y be two non-trivial finite-dimensional subspaces in a
C*-algebra, A and =>0. The subspace X is said to be =-contained in Y,
denoted X/=Y, if for any x # X with &x&=1, there exists a y # Y, &y&1
such that &x& y&=. Since finitely generated dense subalgebras in
C*-algebras may have different growth behavior, =-containment only
implies some bounds on the length of the words needed to approximate
elements. Here is an application.
Proposition 11. Let A be a non-subhomogeneous C*-algebra with
generating set S with respect to which it has having quadratic growth. There
exist elements a, b # A such that span[a, b]/6&(n+2) span(im S i) implies
mr3n2.
Lemma 12. Let X, Y be two non-trivial finite-dimensional linear sub-
spaces in a C*-algebra A. If X/= Y with =<1(2 } dim X), then dim(X)
dim(Y).
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Proof. Let a system of bases [xj*]dim Xj=1 in X* and [x i]
dim X
i=1 in X, with
xj*(x i)=$ ji and &xj*&=&xi&=1 whose existence is ensured by Auerbach’s
Lemma [21, Proposition 1.c.3]. Let g1*, ..., gn* be the extensions of the x j*
in (X+Y)* with &gj*&=1, where n is the dimension of X, and a family
[ yi]dim Xi=1 in Y such that &x i& yi&<= then :=
n
i=1 :i yi=0 implies
gj*(ni=1 :i yi)=
n
i=1 :i gj*( yi)=0, j=1, ..., n. But one has | gj*( yi)|=
| gj*( yi\xi)|| gj*(xi)|+| gj*(xi& yi)|$ ji +== for i{ j, one has
| gi*(xi)|| gi*( y i)|+| gi*(x i& yi)| and 1| gi*( yi)|+= hence 1&=<
| gi*( yi)|1+=. It follows that
(1&=) |:i ||:i gi*( yi)|= } :
n
j=1, j{i




This implies that |:i |= } nj=1 |:j |n=
2 } nj=1 |:j |n
m=m+1 } nj=1 |:j |
for all m # N, i=1, ..., n. For =<12n, one obtains :i=0 for i=1, ..., n. K
Proof of the Proposition. Being non-subhomogeneous, A admits a sub-
quotient isomorphic to k=1 Mk in which embeds C[F2], [8]. Let a, b be
the preimages of the generator of F2 in A. Then one has the inequality
dim span .
in
[a, a*, b, b*] i2.3n+1&5
Then for all ==2&n, there exists an N such that [a, a*, b, b*]/2&n
span(iN S i). Hence one has [a, a*, b, b*]2/2&n+1 span( i2N S i), [a,
a*, b, b*] l/2&n+l span(ilN S i) for l=1, ... and dim span (ilN S i)
dim span(iN S i _ jl [a, a*, b, b*] j), then, since A has quadratic
growth, C . (lN)2 fS(lN)2.3l+1&5+ fS(N) and finally for =<1
(2 } 6n+2)<16n+1, one obtains m=Nlr3(n+1)2. K
1.7. Problems on Growths and Fo% lner Sets in C*-Algebras
Here are some open problems related to growth and amenability condi-
tions in C*-algebras. Some are known, other are new, but we hope that
this list will give an informative view of the present state of the subject.
There are very few known exact translations between the properties of a
discrete group and the properties of group (reduced or full) C*-algebras.
We refer to [20] concerning the equivalence between amenability of a dis-
crete group and the nuclearity of its group C*-algebra. See the nice and
informative survey by de la Harpe [14, Sect. 4]. Bekka [4] gave examples
of residually finite groups with non-residually-finite C*-algebras, that is
admitting no faithful block-diagonal representation.
Problem 1. What are the properties of C r*(G) or of C*(G) which are
equivalent to the group being finitely generated? What about finitely
presented?
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Problem 2. What are the properties of G which are equivalent to
C r*(G) being simple?
Problem 3. Does the growth of a group G minimize the growth of
C r*(G)?
Note that this problem is less open than it seems. The open part really
concerns subexponential growth. A negative answer may have nice applica-
tions, like the construction of unbounded Fredholm modules having a
finite summability better than the one reflecting the growth of the group;
see [9, 30].
Problem 4. Let G and G$ be two finitely generated non-isomorphic
groups. Does an isomorphism C r*(G)&C r*(G$) imply that G and G$ are
quasi-isometric? See [13] for the definition of quasi-isometry and related
properties. If yes, does a stable equivalence C r*(G)tC r*(G$) imply that G
and G$ are quasi-isometric?
Problem 5. For which groups G, is C r*(G) quasi-diagonal? See [31].
Problem 6. Describe of mixed sets of growths of finitely generated
C*-algebras. Does there exist mixed sets with minimal intermediate
growth?
Problem 7. Characterize the class of simple C*-algebras of polynomial
growth admitting a presentation of zero polynomial deficiency realizing
their minimal growth.
Problem 8. Characterize the class of subhomogeneous C*-algebras
whose sets of growths have no gaps.
Problem 9. Characterize mixed C*-algebras whose minimal growth is
polynomial. What about minimal intermediate growth.
Hence if a characterization of having minimal polynomial or inter-
mediate growth for a C*-algebra exists, we are then talking about non sub-
homogeneous nuclear C*-algebras with a tracial state. Note that the irra-
tional rotation C*-algebra A% has minimal quadratic growth, hence has all
the properties listed above, but is not type I hence is not subhomogeneous
and has a mixed set of growth types.
Problem 10. Is there a type I C*-algebra with tracial state which is
completely exponential? There are no such group C*-algebra of an infinite
discrete group.
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Problem 11.1 Does the minimal linear growth of a C*-algebra implies
its subhomogeneity?
Gromov [12] proved that groups having polynomial growth are vir-
tually nilpotent. The degrees of polynomial growth of these groups were
computed and shown to be integers by Bass and Wolf [13]. See [11] for
more on growth in groups.
Problem 12. Is there a proof via algebra of the integrality of the degree
polynomial growth of groups having polynomial growth?
A C*-algebra A is exact if for every C*-algebra C and every closed ideal
J of C the sequence 0  AJ  AC  A (CJ)  0 is exact, where 
means here the minimal (or spatial) tensor product of C*-algebras
[34, 35].
Problem 13. Is there an algebraic necessary and sufficient condition for
[C*(a) is exact] in terms of the filtration defined by [a, a*, 1] for a #
l (M2)?
The problem of ascertaining the least possible growth Fo% lner sets for a
given dense subalgebra in a C*-algebra satisfying the Fo% lner condition (see
Section 2.2 below) can be seen as the equivalent of the localizing conjecture
proposed in Greenleaf for amenable groups [16]. Let D=[1, d1 , d2 , ...] be
a dense sequence of contractions in the unit ball of a C*-algebra A and
=>0. If A satisfies the Fo% lner condition, the couple (Xn , Yn) of subspaces
in A satisfying the required conditions for Dn=[1, d1 , d2 , ..., dn] are called
(=, Dn)-Fo% lner sets. One defines the function f= (n)=dim Xn whose growth is
called growth of the =-Fo% lner sets for a fixed =?
Problem 14. Given a growth for Fo% lner sets, is there a finitely
generated C*-algebra realizing this growth?
Problem 15. Does there exist an exponential Fo% lner C*-algebra such
that the dimensions of (=, K)-Fo% lner sets grow not faster than exp(1=) for
a given subspace K in A.
Problem 16. Let A be a unital finitely generated C*-algebra generated
by a finite set S (1 # S). Assume that there exists a nested sequence
F0=C1/F1 /F2 / } } } of finite-dimensional linear subspaces in A such
that
(i) Fk {Fk+1 for all k1,
(ii) span(k1 Fk) is dense in A,
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1 This problem has a positive answer. The proof will appear elsewhere.
(iii) limk   (dim span SFk&dim Fk)dim Fk=0,
(iv) there exists constants c0, d1 such that span Fnc } nd for all
k1.
Does it follow that A has polynomial growth? Note that the correspond-
ing problem for groups is open.
2. GELFANDKIRILLOV PICTURE AND STABLE EQUIVALENCE
IN C*-ALGEBRAS
2.1. Growth in the Non-finitely-generated Case
In this second section, we adopt the following GelfandKirillov approach,
adapted to any unital C*-algebra, to define growth in the non necessarily
finitely generated setting: A given C*-algebra is said to have a given
growth if it can be written as the union of finitely generated subalgebras
having this growth. There are other ways to define growth within this pic-
ture. One may see a given C*-algebra as union or inductive limit of its
finitely generated C*-algebras. One may also choose between finitely
generated subalgebras or filtrated subalgebras. One may finally ask for the
growth behavior to be only asymptotic and not necessarily satisfied at
every step. One checks that these possible definitions all lead to the same
results. Compact operators K have zero minimal growth since the self-
adjoint ideal of finite-rank operators is dense in K. More generally,
AF-algebras have zero minimal growth.
Let A be a unital C*-algebra. Define the set growths(A) to be the set of
asymptotic growth types of A associated to all writings of A as inductive
limit of its finitely generated subalgebras. Two C*-algebras A and B are
said to have same growths if they have the same set of growth types. We
denote this by growths(A)=growths(B). This notion of growth does see
finite-dimensional objects in the sense that for any separable C*-algebra A
and finite-dimensional C*-algebra D, growths(A)=growths(AD) and
growths(A)=growths(AD).
Algebraic Lemma 13. Let A be a finitely generated algebra. Then, for
any zero growth algebra D, one has growths(A)=growths(AD).
In the topological case, only part of this lemma remains. One may
explain this phenomenon by arguing that C*-algebras having minimal zero
growth need not to be subhomogeneous.
Corollary 14. Let A be a finitely generated C*-algebra and D a
C*-algebra with zero minimal growth. Then the C*-algebras A and AD
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have the same minimal growths. In particular, stable equivalent finitely
generated C*-algebras have the same minimal growths.
If the set of growth of a C*-algebra defines an invariant, the minimal
growth is in a way the interesting part of it. It is not easily computed but
has strong consequences for the internal structure of the considered
C*-algebra. Furthermore stable equivalences appear naturally in geometry.
For example, consider the equivalence of holonomy groupoids of foliations
as described and studied in [24]. The C*-algebra C*(M, F) of the full
holonomy groupoid is stable equivalent to the C*-algebra obtained start-
ing from a restriction to a complete transversal of our groupoid which in
turn may be finitely generated.
2.2. Subexponential Growth and Amenability Conditions
First, the relation between growth and nuclearity extends to this setting
Theorem 15. Let A be a unital separable C*-algebra. If A has sub-
exponential growth then it is nuclear.
Proof. Let S be an non-empty set of subalgebras in a C*-algebra
ordered by inclusion. Then [25, Theorem 6.3.10] if  S is dense in A and
if all elements in S are nuclear, A is nuclear. Corollary 2.2 in [17] asserts
that finitely generated C*-algebras having subexponential growth are
nuclear and so the result follows. K
A unital C*-algebra A satisfies the Fo% lner condition [29] if there exists
a subalgebra B dense in A such that for each =>0 and each finite-dimen-
sional subspace E in B with 1 # E, there exists a finite-dimensional subspace
K in B with 1 # K such that
dim span EK(1+=) } dim(K),
where span EK denotes the linear span on the products ek, e # E, k # K. It
is weakly filterable [2, 29] if it admits a unital faithful *-representation ?
into B(H) for some Hilbert space H such that there exists a sequence
F=(Pn) of finite-dimensional projections which converges strongly to 1
and such that
?(A)/C*(F)={a # B(H) | limn  
Tr( |Pn a&aPn | )
Tr(Pn)
=0= .
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It is weakly hypertracial if it admits a unital faithful *-representation ? into
B(H) for some Hilbert space H such that there exists a state , on B(H)
with
AC,=[a # B(H) | ,(ax)=,(xa) for all x # B(H)],
where C, denotes the centralizer of the state ,. See [3] for some properties
equivalent to weak hypertraciality, related results, and historical comments.
Theorem 16. Let A be a unital C*-algebra. If A has non-exponential
growth, then it is Fo% lner, is weakly filterable, and admits a set of traces. In
particular, it is weakly hypertracial.
Proof. By definition, a non-exponential growth C*-algebra A is the
union of finitely generated C*-subalgebras A(n) having non-exponential
growth; hence for all =>0 and family Uc of contractions in  A(n) spanning
E, there exists an n0 such that Uc /A(n0), but A(n0) having non-exponential
is Fo% lner after [29, Theorem 2.3], hence the existence of K with the required
properties follows.
Weak filterability follows from [29, Theorem 3.3] which asserts that
Fo% lner C*-algebras are weakly filterable and [2, Proposition 3] or from
[3, Proposition 2.8] which asserts that if S is a non-empty set of weakly
filterable C*-subalgebras in a C*-algebra ordered by inclusion. Then [25,
Theorem 6.3.10], if  S is dense in A and if all elements in S are nuclear,
A is weakly filterable. After [3], weakly filterable C*-algebras are weakly
hypertracial. K
2.3. Linear and Polynomial Growth
A C*-algebra is said to have finite-step asymptotic linear growth if it is
the union of C*-algebras having finite-step asymptotic linear growth as
defined in Section 1.5.
Proposition 17. Let A be a separable unital C*-algebra.
(1) If A has finite-step asymptotic linear growth, then it is a sub-
algebra of the Toeplitz algebra.
(2) If A has finite-step asymptotic linear growth of order one, then it
is of the form A&BC, where B is singly generated by a self-adjoint
element and C is approximately subhomogeneous.
Proof. (1) After [17, Proposition 3.1], if A is a finitely generated
C*-algebra with finite-step asymptotic linear growth, then one has a non-
unital C*-monomorphism ?. of A into l (Z)_: Z. The action : of Z is
given by conjugation by the bilateral shift U and, denoting by S a finite
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generating set, ?. (S) is contained in the algebraic crossed product of l by
Z via the bilateral shift. Furthermore C*-algebras contain the inductive
limits of their C*-subalgebras and so the result follows.
(2) Let A be a finitely generated having asymptotic finite-step linear
growth of order 1; i.e., there is an n0 such that f (n+1)1+ f (n), for
nn0 . One checks easily that Theorem 4.4 in [17], asserting that A is of
the form A&BC, where B is singly generated by a self-adjoint element,
holds although the finite-step linear growth condition was asked for all
n>0. Then A is union of unital finitely generated C*-algebras having
finite-step asymptotic linear growth of order one, which are sub-
homogeneous after [17, Proposition 4.2]; hence the result follows. K
Proposition 18. (i) Approximatively subhomogeneous C*-algebras
have subexponential growth with respect to all their presentations.
(ii) Non-approximatively-subhomogeneous C*-algebras admit exponen-
tial presentations.
(iii) If a C*-algebra has minimal non-exponential growth, then it is
stable finite.
Proof. Approximately subhomogeneous C*-algebras are inductive limits
of subhomogeneous C*-algebras, so (i) is immediate after Theorem 2.
(ii) Follow from the fact that non-subhomogeneous finitely
generated C*-algebras always admit presentations of exponential growth as
mentioned in the proof of Theorem 1.
(iii) Finitely generated C*-algebras having minimal non-exponential
growth admit traces after [9, Theorem 8] together with [30, Sects. 4 and
5] or after the results in [29], hence are stable finite. But stable finiteness
passes to inductive limits. K
3. C*-ALGEBRAS AND A UNIFORM GELFANDKIRILLOV
PICTURE
3.1. Uniform Growth Conditions
A dense subalgebra B in a C*-algebra A is said to have uniform polyno-
mial growth if there exists a sequence ( pk (n)=n:(k)) of integers such that
for each finite-dimensional subspace E in B, one has dim span E n
n:(dim(E)), where span E n is the linear span on the words of length n in the
elements of E, n=1, 2, ... . A dense subalgebra B in A is said to be
uniformly exponentially bounded if for any finite-dimensional subspace E in
B and any b>1, there is some n0=n0 (dim E) such that dim span En<bn
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whenever n>n0 . A unital C*-algebra A is said to have uniform polynomial
growth if there exists a dense subalgebra B in A having uniform polynomial
growth and to have strong uniform polynomial growth if all its dense sub-
algebras have uniform polynomial growth. One similarly define uniformly
exponentially bounded and strongly uniformly exponentially bounded
C*-algebras.
The sequence ( pk (n)=n:(k)) gives a uniform estimate of growth of
k-generated subalgebras of a given dense subalgebra in A. Given a dense
subalgebra in a C*-algebra, we do not know the best value of the sequence
( pk (n)=n:(k)). Given a C*-algebra, the best values of the sequence over all
dense subalgebras is unknown too. The degrees of the polynomials pk are
bounded for dense finitely generated subalgebras having polynomial
growth. This is not anymore the case as soon as one quit this subalgebra
in most non-trivial cases, as we shall see below.
If a C*-algebra A has (respectively strong) uniform polynomial growth,
then for any finite-dimensional C*-algebra D, the C*-algebra AD has
(respectively strong) uniform polynomial growth. More generally, the class
of (strong) uniform polynomial growth C*-algebras is closed under tensor
products. These are nuclear by Proposition 20 below. If B is a subalgebra
in a C*-algebra A having strong uniform polynomial growth, then B also
has strong uniform polynomial growth. We will see that one may not drop
the ‘‘strong’’ here; all subalgebras of uniform polynomial growth
C*-algebras need not to have uniform polynomial growth.
Reduced C*-algebras of groups having uniform polynomial growth
(respectively being uniformly exponentially bounded), like Abelian, nilpo-
tent discrete groups have uniform polynomial growth (respectively are
uniformly exponentially bounded) [6, 7]. On the other hand, if C r*(G) has
strong uniform polynomial growth (respectively is strongly exponentially
bounded), then G has uniform polynomial growth (respectively is
uniformly exponentially bounded). The question whether one can drop the
‘‘strongly’’ in the last statement, remains open. It follows from Bozejko [6,
Sect. 4] that a dense subalgebra in a C*-algebra may have polynomial
growth without having uniform polynomial growth.
Proposition 19. (1) Let A be a C*-algebra having uniform polynomial
growth. The polynomials pk are strongly bounded if and only if A is
finite-dimensional.
(2) Commutative C*-algebras have strong uniform polynomial growth.
Proof. (1) If A is finite-dimensional, then the pk are clearly strongly
bounded. If A is infinite-dimensional, then c0 is a subquotient of A and for
each m # N* there exists a generating system X (m) of c0 such that
GK dim(c0 , X (m))=m. For each m, the preimage of A(m) in A generates at
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least the same growth as A(m) ; hence the polynomials pk are not strongly
bounded if A is infinite-dimensional.
(2) Commutative C*-algebras have strong uniform polynomial
growth. For all finite-dimensional E in A, one has dim span En
(n+1)dim(E). Indeed an element of span E n is a linear combination of
words of length n in the elements of E. K
Subhomogeneous C*-algebras have strong uniform polynomial growth.
Non-subhomogeneous C*-algebras admit dense subalgebras which are not
exponentially bounded and are not strongly exponentially bounded. Unital
exponentially bounded C*-algebras have at least one tracial state. Non-
stable-finite unital C*-algebras do not have uniform polynomial growth.
3.2. Uniform Amenability
A dense subalgebra B in a unital C*-algebra is uniformly amenable if for
each =>0, there exists a sequence (q= (n)) such that for each finite-dimen-
sional linear subspace E in B, with 1 # E, there exists a finite dimensional
subspace K in B with 1 # K and such that dim span EK(1+=) } dim(K)
and dim(K)q= (dim E). A unital C*-algebra is called uniformly amenable
if it admits a uniformly amenable dense subalgebra. A C*-algebra with all
its dense subalgebras uniformly amenable is called strongly uniformly
amenable.
Finite-dimensional C*-algebras are clearly strongly uniformly amenable.
Traceless unital C*-algebras admit no uniform amenable dense subalgebras
and have minimal exponential growth by Theorem 16. Pi-sun C*-algebras,
such as the C*-algebras On , give examples of nuclear traceless C*-algebras.
One has an immediate link between uniform amenability of groups and
uniform amenability of their reduced C*-algebras. If G is uniformly
amenable then C r*(G) is uniformly amenable, and if C r*(G) is strongly
uniformly amenable then G is uniformly amenable. It is unknown when one
can drop here the ‘‘strongly.’’ Bozejko [6] proved that Abelian, nilpotent
and solvable discrete groups are uniformly amenable, see [36] for equiv-
alent properties. Hence their reduced C*-algebras are uniformly amenable.
Proposition 20. Uniformly exponentially bounded C*-algebras are
uniformly amenable and nuclear.
Proof. Assume B is a dense subalgebra in A being exponentially bounded
but which is not uniformly amenable. Then there exist an =>0 and an
integer k0 such that for all m there exists a linear subspace E of dimension
k0 in B, such that for all K of dimension less than m in B dim span EK>
(1+=) } dim(K). For l=1, 2, ..., let m=m(l)=kl0 and K=span E
l, where
E depends on l. Then dim span E (l+1)>(1+=) } dim span E l, for
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l=1, 2, .... Hence there exists (=, k), such that for all l=1, 2, ..., there exists
a finite E=E(l) in G with dim span E=l such that dim span E (l+1)
dim span E (l)>1+=. This is a contradiction as B is uniformly exponen-
tially bounded.
Finally, finitely generated uniformly exponentially bounded C*-algebra
are nuclear [17, Corollary 2.2]. Furthermore, the class of nuclear
C*-algebras is closed under inductive limits after Takesaki; see [20].
Hence a uniformly exponentially bounded C*-algebra, being an inductive
limit of its finitely generated C*-subalgebras, is nuclear. K
This proof is simple but is not constructive. It follows for example from
[6, Sect. 4] that a dense subalgebra in a C*-algebra may be uniformly
amenable without having uniformly exponentially bounded.
Proposition 21. (i) Subhomogeneous C*-algebras are strongly uniformly
amenable.
(ii) Uniformly amenable C*-algebras have at least one tracial state.
Proof. (i) Follows from Proposition 18 together with Proposition 20.
(ii) Follows from [29], where it is shown that unital C*-algebras
satisfying the Fo% lner condition have at least one tracial state constructed out
of Fo% lner sets. Consider A as an inductive limit of its finitely generated
C*-subalgebras A(n) containing the unit of A. The A(n) admit, a tracial state
{n such that the restriction of {n+1 to A(n) is {n and {n+1 (1)=1, see [29]
details. One may define { on the V -algebra n A(n) of A by setting {(a)={n (a)
if a # A(n) . Finally { is easily checked to extend to a tracial state on A. K
Like Fo% lner C*-algebras, uniformly amenable C*-algebras are weakly
filterable and hypertracial. Hence traceless C*-algebras can not be uniformly
amenable and have at least exponential growth. Exponentially bounded
C*-algebras are weakly filterable and weakly hypertracial.
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